Exchange induced ordinary reflection in a single-channel SFS junction 
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The stationnary Josephson effect in a clean Superconductor-Ferromagnet-Superconductor junc- 
tion is revisited for arbitrarily large spin polarizations. The quasiclassical calculation of the super- 
current assumes that the Andreev reflection is complete for all channels. However, De Jong and 
Beenakker have shown that the Andreev reflection at a clean FS interface is incomplete, due to the 
exchange interaction in the ferromagnet. Taking into account this incomplete Andreev reflection, we 
investigate the quasiparticle spectrum, the Josephson current and the — tt transition in a ballistic 
single channel SFS junction. We find that energy gaps open in the phase dependent spectrum. 
Although the spectrum is strongly modified when the exchange energy increases, the Josephson cur- 
rent and the — tt transition are only weakly affected by the incomplete Andreev refiection, except 
when the exchange energy is close to the Fermi energy. 
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I. INTRODUCTION 

Ferromagnetism and singlet superconductivity are an- 
tagonist phenomena. Ferromagnetism favors spin align- 
ment and concentrates the magnetic field lines whereas 
superconductivity expels the magnetic field and is sup- 
ported by singlet pairing in the case of conventionnal su- 
perconductors. Nevertheless, as shown by Fulde, Ferrelji 
Larkin and Ovchinniko\i^ (FFLO), superconductivity 
and ferromagnetism may coexist in a bulk sample for 
sufficiently small exchange splitting. In this case. Cooper 
pairs acquire a finite momentum proportional to the ex- 
change splitting, leading to a non-uniform superconduct- 
ing order parameter. However, this FFLO state has not 
been observed unambiguously in bulk samples. The situ- 
ation is more favorable in ferromagnet/superconductor 
heterostructures. Owing to the proximity effect, su- 
perconducting correlations are present in the ferromag- 
net even in the absence of pairing interaction. In par- 
ticular. Superconductor- Ferromagnetic-Superconductor 
(SFS) junctions and Superconductor-Ferromagnetic- 
Insulator-Superconductor (SFIS) junctions can exhibit 
an equilibrium state where the phase difference x be- 
tween the superconducting leads is ttj^ This so-called tt- 
state is reminiscent of the FFLO state. In recent experi- 
ments, the TT-state was discovered by Ryazanov et al^ in 
SFS junctions and by Kontos et al^ in SFIS junctions. 
When the superconducting phase difference x is non-zero, 
a non-dissipative current I{x) fiows through the junction. 
This so-called Josephson current is carried by Cooper 
pairs in the superconducting leads and by quasiparticles 
in the ferromagnet. The conversion between these two 
kinds of carriers occurs at the interfaces by means of a 
scattering process known as Andreev refiectioni^ii In the 
case of a clean normal metal-superconductor (NS) inter- 
face with identical Fermi velocities, an incoming spin-up 
electron is completely Andreev refiected as a spin-down 
hole, and a Cooper pair is created in the superconduc- 



tor. In the presence of a tunnel barrier, the amplitude 
of the Andreev refiection is reduced: the incoming elec- 
tron is partially refiected as a hole with opposite spin and 
partially as an electron with the same spin. 

De Jong and Beenakkei^ have studied the Andreev re- 
fiection in clean Ferromagnet-Superconductor (FS) junc- 
tions and have shown that the effect of ferromagnetism 
is twofold. Firstly, the exchange splitting energy E^x in- 
duces a mismatch between spin-up and spin-down Fermi 
wavevectors. This produces an additional phase shift be- 
tween electrons and holes in the ferromagnet. Secondly, 
in contrast to the clean NS case, the Andreev refiection 
is not complete: ordinary refiection appears even in the 
absence of an insulating layer. This phenomenon is due 
to the exchange potential step at the FS interface and 
it strongly modifies the transport properties of a clean 
FS contact with a large number N of modes per spin 
direction. As a result, the conductance of a baUistic 
point contact in a FS junction has been shown to de- 
crease monotonously from ANe'^/h in the nonferromag- 
netic Eex = contact to zero in the half-metallic fer- 
romagnet Eex = Ep, Ep being the Fermi energy^. Us- 
ing this suppression of the sub-gap conductance by the 
exchange interaction, an experimental method has been 
developped to mesure directly the spin polarization of 
a ferromagnetic sample by a transport mesurementiiiii^ 
Whereas these transport properties have attracted a lot 
of theoretical and experimental interest, there are few 
theoretical works addressing the infiuence of the incom- 
plete Andreev refiection on the thermodynamical proper- 
ties of clean FS or SFS heterojunctionsji^ii^ Indeed, the 
stationnary Josephson current of a clean multichannel 
SFS junction has been calculated by Buzdin et al^ in 
the framework of the Eilenberger equationsi^ under the 
assumption of complete Andreev refiection. The critical 
current has been found to oscillate as a function of the 
phase shift a — 2Eexd/hvp between an electron and its 
Andreev refiected hole, d being the length of the ferro- 
magnet and vp the Fermi velocity. Moreover, due to the 
large number of channels, these oscillations are damped 
as a function of the exchange fieldiii^ The question arises 
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whether incomplete Andreev reflection at a clean SFS 
junction may lead to a modification of the Josephson cur- 
rent as strong as the reduction of the conductance in a FS 
contact. Naively, one might expect the exchange induced 
ordinary reflection to have the same physical effect as the 
potential barrier in a SFIS junction. In the well-studied 
case of SFIS junctions, ordinary reflection leads to a re- 
duction of the Josephson current which evolves gradu- 
ally towards the usual Josephson form I{x) — -^csinx 
as the transparency of the insulating layer vanishes. In 
the case of a short SFIS junction, Chtchelkatchev et al. 
have shown that the — tt transition phase diagram de- 
pends on the transparency of the insulating layerpii In 
summary, the Josephson effect has only been studied for 
weak ferromagnets. 

In the present paper, the thermodynamic properties of 
a clean single channel SFS junction are studied for ar- 
bitrarily large spin polarizations. In particular, we show 
how the excitation spectrum, the stationnary Josephson 
current, and the — tt transition are affected by the ex- 
change induced ordinary reflection at the FS interfaces. 
The paper is organized as follows: in Sec. lul we derive 
the phase dependent excitation spectrum of a clean SFS 
junction. Bogoliubov-de Gennes equations are used in 
order to account for both Andreev and normal scattering. 
We show that the exchange induced ordinary reflection 
opens gaps at the phase differences x = and x = tt. 
In comparison, we recall that there is no gap in the qua- 
siclassical spectrum i^i^i^S In the case of a SFIS junction, 
gap opening occurs only at x = tt- Sec. Illll is devoted to 
the Josephson current, which depends on two indepen- 
dent parameters: the product kpd^ and the ratio of the 
exchange and Fermi energies rj = Ee^/Ep, which mesures 
the spin polarization of the ferromagnet and tunes the 
balance between ordinary scattering and Andreev scat- 
tering at the FS interfaces. This is contrary to the quasi- 
classical theory in which the current is described by the 
single combinaison a = 2Eexd/hvF — rjkp d. For small 77, 
the main scattering mechanism is the Andreev reflection 
and the quasiclassical results are recovered in the limit 
77 ^ and kpd ^ 00 with flnite rjkpd. For a fully polar- 
ized ferromagnet (a half-metallic ferromagnet), namely 
for 77 = 1, Andreev reflection is completely suppressed, 
the spectrum becomes phase independent and carries no 
current. In spite of the strong modiflcations of the spec- 
trum, we flnd that the Josephson current remains almost 
unaffected by the exchange induced ordinary reflection 
up to values of the exchange fleld Eex close to Ep ■ The 
— TT transition is studied in Sec. I^and is shown to be 
unaffected by the ordinary reflection in contrast to the 
— TT transition in SFIS junctions. 



cal spectrum is obtained by assuming that Andreev re- 
flection is complete. With the help of the Bogoliubov-de 
Gennes formalism we derive an exact eigenvalue equation 
that takes into account both Andreev and normal reflec- 
tion for arbitrary exchange energy < E^x < Ep. Even 
at relatively small exchange energy, the corresponding 
spectrum differs from the quasiclassical one by the pres- 
ence of gaps. We investigate analytically (for small spin 
polarization) and numerically how the Andreev spectrum 
evolves when the exchange energy E^x and the length of 
the ferromagnet are varied. 



A. Eigenvalue equation 

We consider the simplest model of a clean one-channel 
SFS junction. The itinerant ferromagnetism is described 
within the Stoner model by a one body potential (x) — 
—aEex which depends on the spin direction. The index 
a ~ ±1 denotes spin up and spin down. In the super- 
conducting leads, Va[x) = 0. The kinetic part of the 
Hamiltonian is 
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where m is the effective mass of electrons and holes. 
The vector potential A{x) is responsible for the phase 
difference x between the leads, and Ep = h?kp/2m is 
the Fermi energy. The Fermi velocities are identical in 
both superconductors and in the central metal for Eex=0- 
When they are different ordinary and Andreev reflections 
are modifledi^*ifi In the absence of spin-flip scattering, 
the spin channels {u^,vi) and {ui,v-\) do not mix. The 
purely one-dimensional electron-Hke Ua{x) and hole-like 
wavefunctions v^a-{x) satisfy two sets a = ±1 of inde- 
pendent Bogoliubov-de Gennes equations 
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where e(x) is the quasiparticle energy mesured from the 
Fermi energy. The pair potential is A(a;) =| A | e*-^/^ in 
the left lead and A(a;) =| A | e-''^/^ in the right lead. In 
the central ferromagnetic segment, the pair potential is 
identically zero. Therefore, the eigenvectors of Eq. (01 
are strictly electron-Hke or hole-Hke with a plane wave 
spatial dependence because of the absence of disorder. 
The electron and hole wavevectors, denoted respectively 
by fcf jj and h~^, must satisfy 



II. SPECTRUM 

The excitation spectrum of a clean one-channel SFS 
junction is well known in the limit of very small exchange 
splitting energies E^x ^ Ep. This so-called quasiclassi- 
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Introducing the degree of spin polarization rj 
we obtain 



Ecx/Ep, is given by the formulcii^ 
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We consider only excitations the energies of which are 
smaller than the superconducting gap. Matching the 
wavefunctions and their derivatives at the FS interfaces, 
we obtain the following eigenvalue equation for the An- 
dreev levels 
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where, for convenience, we define k — /cf^ 
Afc = Afcf ,, ^ k ~ h, T,k ^ Sfcf ,, = k 

The typical energies of the prob 
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ife — arccos(e/A). 
lem are the superconducting gap A, the exchange energy 
Eex, the level spacing in the ferromagnet mm{hvF /d, A) 
and the Fermi energy Ep. In conventionnal s-wave su- 
perconductors, we have A/Ep < 0.01. The exact spec- 
trum e°'(x) depends on two dimensionless parameters: 
the ratio rj — E^x/Ep and the product kpd. In our 
model, the ratio rj is identical to the spin polarization 
at the Fermi level defined as (/| + Ii)/{I^ — Ii) where /| 
and Ii are the spin-polarized currents associated respec- 
tively to spin up and downji^ The spin polarizations of 
strong ferromagnetic elements like Fe, Co and Ni are be- 
tween 0.3 and 0.53iii The recently discovered half met- 
als, like Lao.TSro.sMnOa and Cr02, exhibit complete spin 
polarization!^ In the present work, the spin polarization 
r] = Eex/Ep is arbitrary and the ratio A/Ep « 1. In 
a first step, we solve the eigenvalue equation ^ pertur- 
batively in the limit of small spin polarization 7y <C 1 for 
any length d. We complete our study by numerical re- 
sults for arbitrary spin polarization in the case of short 
junctions. 



B. SNS spectrum and quasiclassical spectrum 

Obviously, for zero exchange field = 0, we recover 
the eigenvalue equation of a ballistic SNS junction™ 



cosx = cos [Ak'^j^^Qd — 2(^e) — cos 
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with complete spin degeneracy between the and 
channels. For very small spin polarization rj = 
Eex/Ep <C 1, a crude approximation of the equation Q 
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with a = 2Eexd/{hvp). This expression was first ob- 
tained by solving the Eilenberger equations with a con- 
tinuity assumption on both normal and anomalous qua- 
siclassical Green's functionsji^ It was also obtained later 
in the framework of the linearized Bogoliubov-de Gennes 
equationsii^ Physically, these derivations of the SFS 
spectrum neglect ordinary reflection induced by the ex- 
change potential Va{x). In this limit, the only effect of 
the exchange fleld is to modify the SNS spectrum Eq. © 
by a shift a = 2Eexd/hvp = rjkp d of the superconduct- 
ing phase. This shift lifts the degeneracy between the 
two spin channels {u^^vf} and {ui,v^). 



C. Small spin polarization 

Here, we provide a more accurate approximation of Eq. 
(EJ. By expanding Eq. ij^l to the leading order in 77, we 
obtain in the regime 77 ^ 1 



cosa'^(x, e) = cos (A/c^^d — 2(pe) 
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where a'^(x, e) is an effective phase difference related to 
the true superconducting phase difference x by the ex- 
pression 
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The associated spectrum depends on the length of the 
ferromagnet via the product kpd and on the spin polar- 
ization 77 — Eex/Ep. In the appendix, we calculate how 
this spectrum deviates from the above mentionned quasi- 
classical spectrum. The largest deviations are reached for 
phase differences x = and x — ''^ where gaps appear, 
as shown in Fig. The opening of these gaps which 
oscillate as a function of kpd and 77 and vanish for par- 
ticular values of these parameters reveals the presence of 
some amount of ordinary reflection. The natural energy 
scales for the gaps are provided by 
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for X = and x = respectively. 

For long junctions d^ ^o, this energy scale is the level 
spacing E^ « hvp/d. There are many Andreev levels 
which cross at x = and x = t'' in the non-perturbated 
spectrum. The amplitude of the gaps is larger in the 
"high-energy" spectrum close to the superconducting gap 



4 




When the ferromagnet length corresponds to an interger 
or half- integer number of Fermi wavelengths, namely 
when kpd — mr, So vanishes and is maximal. If the 
size of the ferromagnet and the Fermi wavelength satisfy 
kpd — {n+l/2)Tr, one obtains the opposite configuration: 
(^TT is zero and 6q is maximal. 

It is instructive to compare these results with the case 
of a SFIS junctions for which the ordinary reflection orig- 
inates from the potential barrier of the insulating layer iii 
At the usual level of approximation, a SFIS junction is de- 
scribed by two parameters: the electron-hole phase shift 
a = 2Eexd/hvF and the transparency D of the insulating 
layer. Similarly to the case of a clean SFS junction, the 
spectrum is given by 



e„(a) = A 



a{x) + era 



(15) 



but the effective phase has a different expressioi 



■ 17 



FIG. 1: Spectrum of a clean SFS junction in the perturbative 
limit rj — O.l and for A/Ef = 10"''. Two examples are 
shown: a) long junction with kpd — 10'* (d = 5£,o) and b) 
short junction with kpd =10 (d = 0.05 ^oj. Gaps open for 
X = and X — due to the presence of ordinary reflection. 
There are two zero energy Andreev levels located at the phase 
differences n ± Akc=o,vd- 

e ~ A. They vanish in the low-energy part of the spec- 
trum e ^ A, as shown in Fig. da). The absence of gaps 
at low energy is a general phenomenon, because in the 
limit e ^ A, the eigenvalue equation Eqs. II8I9|I tends to 



cosa(x) = 1 - 2i:»sin2 |. (16) 

This effective phase leads to the gaps (5o = and 
— 2\/l — D cos(a/2). There is only one gap located at 
X = TT, and it is independent oi kpd, whereas in an exact 
treatment of a SFIS junction with large spin polariza- 
tion 77, the gaps should depend on it. In this latter case 
ordinary reflection would originate from both insulating 
layer and exchange splitting. 
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which is identical with the "gapless" quasiclassical equa- 
tion Eq. 10 because 2ipg « tt. 

In the case of a short junction c? <C Co, the spectrum 
contains only two spin-polarized Andreev levels a = ±1 
given by 



ecr(a) 



The expressions for the gap So at x — 
r]A 

So = I sinkpd smrjkFd] 

and for the gap St^ aX x ^ 
rjA 
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are derived in appendix. The gaps Sq and S.^ vanish simul- 
taneously when the shift between an electron and its An- 
dreev reflected hole is rjkpd = mr with n = —1, 0, 1, .... 
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FIG. 2: Gaps at x = (circles) and X = (triangles) as a 
function of the spin polarization fj in a short junction with 
kpd = 10. The Eqs. ^1,^14V provide a good approximation 
for small rj < 0.1 (dashed- dotted line: So, solid line: St,). 



In the following paragraph, we check the validity of our 
results for larger exchange energies. 
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D. Arbitrary spin polarization: numerical study 

For large spin polarizations rj — Eex/Ep, the pertur- 
bative approach breaks down and finding the solutions of 
Eq. © is a harder task. In the case of a small junction 
d <C ^o, we solve Eq. ^ numerically and obtain the two 
Andreev levels e'^ (x) for each value of the phase difference 
X- Typical results are shown in Fig. El for increasing spin 
polarizations rj and for a particular value of kpd = 10. 
In the perturbative regime rj < 0.2, it has been shown in 
Sec. Ill CI that the exact spectrum is very close to the qua- 
siclassical spectrum except in the vicinity of x = and 
X = TT. Figs. EI a) andEJb) show that this statement is 
still valid up to very large spin polarizations. But above 
a particular spin polarization rj*, the spectrum undergoes 
a qualitative change : the lowest Andreev level does no 
longer cross the Fermi level, as shown in Fig. ^c) 




r] = 0.95 




X 



FIG. 3: Spectrum of a short SFS junction for increasing spin 
polarizations r] = Eex/Ep with kpd = 10. The thick solid 
lines correspond to the spectrum obtained by solving Eq. f?)) . 
The thin lines represent the corresponding quasiclassical es- 
timates with a = {^/l + T] — ^/l — rj)kFd. We have chosen 
A/Ef = 10"^ 

To understand this crossover, we calculate the super- 
conductive phase difference Xo corresponding to a zero 
energy Andreev state. For sufficiently small spin polar- 
ization T] < 0.2, it is always defined and given by 



Xo 



(17) 



= TT + o-(v/l + 77 - Vl - T])kFd, 



but close to the half-metal case 77 « 1, the eigenvalue 
equation ^ leads to 



cos Xo 
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which has two solutions for rj < rj* and no solution for 
77 > 77*. 

Fig. shows that the critical polarization t]* depends 
on the length d of the ferromagnet in a very peculiar 
way. For kpd < 3, the Andreev spectrum has always 



two states at the Fermi level. For kpd > 3, 77* becomes 
smaller than 1. For spin polarizations above the critical 
value 77*, the Andreev spectrum has now a gap at the 
Fermi level. In the next section, we will study how this 
gap affects the Josephson current. Even more strikingly, 
when the length d increases, the gap at the Fermi level 
alternatively closes and reopens : one has an alternance 
between regions with ry* < 1 (such as in Fig. El a gap 
opens at the Fermi level) and regions with 7/* = 1 (with 
no gap at the Fermi level). Practically, for kpd > 10, 
no gap opens at the Fermi level for polarizations smaller 
than T]* = 0.94. 
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FIG. 4: The zero-energy Andreev states disappear above a 
critical polarization rj* which depends on kpd. In section III, 
we show that the current is very close to the quasiclassical es- 
timate with discontinuities when the Andreev level crosses the 
Fermi level [Fig. JWa )] for n < rj* . For > rj* , the Josephson 
current is strongly modified and has no discontinuity, since a 
gap opens at the Fermi level [Figs\^b) and\^. The minima 
of rj* correspond to values of kpd ~ (n + l/2)7r/\/2. 



III. JOSEPHSON CURRENT 

In this section, we obtain the Josephson current 
through a clean short SFS junction for arbitrary large 
spin polarizations. In particular, we study how the in- 
complete Andreev refiection induced by the ferromagnet 
affects the current. For 77 ^ 1, ordinary refiection is neg- 
ligible and the current is given by the usual quasiclassical 
expression. In the case of a half-metal ?7 = 1, the current 
vanishes due to the complete suppression of the Andreev 
refiection. We study the crossover between these two lim- 
its by calculating the current from the spectrum obtained 
in the previous section. 



A. Josephson current 

The Josephson current is given by 
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where ri(x) is the phase dependent thermodynamic po- 
tential. The potential can be calculated from the excita- 
tion spectrum by using the formulai^^ 
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We restrict our attention to the short junction case. For 
each value of x, we solve Eq. @ numerically to obtain 
the two spin-polarized Andreev levels. Then, we obtain 
numerically the current using Eqs. H19l2r)ll . 



B. Quasiclassical current 

For a weak ferromagnet ^ 1, the assumption of 
complete Andreev reflection is justified. Therefore, one 
may compute the current from the spectrum JJjl (here for 
d <C ^o) and obtain the so-called quasiclassical currentJ^ 
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Except for the presence of the phase shift 
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a = iy^l + ri - \/l - ri)kFd, 
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the formula Ij21|l is similar to the expression for the single 
mode current in a short SNS junctioniSli^ In the T = 
case, the current-phase relationship of a SNS junction has 
a sharp discontinuity at x = tt because the lowest An- 
dreev level passes below the Fermi level while another An- 
dreev level carrying an opposite current moves aboveiSi 
In the SFS junction case, the degeneracy of the Andreev 
levels is lifted, and this crossing occurs respectively at 
X"^ = TT + aa for each of the non-degenerate Andreev lev- 
els. Consequently, the current shows two jumps at these 
phase differences, as shown in Fig. HJa). 



C. Crossover from 77 = to = 1 



In the section HI PL we have obtained a sharp crossover 
between (i) a regime where the quasiclassical spectrum 
is only modified by gaps opening at x = and x — 
and (ii) a regime where the Andreev spectrum is strongly 
modified by the vanishing of the zero energy states. 

For spin polarizations < 77 < ry*, the current is well 
approximated by the quasiclassical formula Eq. ll2T|l ex- 
cept for phase differences close to x = and x = i"- Near 
these values, it turns out that the correction of the level 
energies induces opposite changes on the two individual 
currents. The sum of these corrections cancels out and 
the total Josephson current is unchanged. Consequently 
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FIG. 5: Zero -temperature current of a short SFS junction with 
kpd = 10. a) even for a nearly complete spin polarization 
r] = 0.9, the exact current (thick line) and the quasiclassical 
approximation (thin line) are identical, b) for r) — 0.95, they 
are completly different. The natural scale for the current is 
lo = 2eA/h. 



although the spectrum is modified, one may still use the 
quasiclassical formula Ij21|l at the current for any value 
of X with a very good accuracy. This statement is valid 
up to very high spin polarization, as shown in Fig. H^a) 
In the limit rj < 0.2, the effective phase approach leads 
to 



rj \ smx 



Iqc{a, a). 



(23) 



In conclusion, ordinary reflection induces only a very 
small reduction of the current of order 77^. 

When 77* < 77 < 1, the current-phase relationship is 
completely modifled and becomes nearly sinusoidal, as 
shown in Fig. E^b). The discontinuity in the current 
disappears because a gap opens at the Fermi level: there 
is no Andreev level at zero energy. In conclusion, the 
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FIG. 6: Current-phase relationships for kpd - 
spin polarizations in the regime rf < 77 < 1. 



X 

10 and various 



crossover between the regime where the current is given 
by Eq. (I2TI1 and the regime with zero current 77 > 1, takes 
place in a narrow window of spin polarizations, typically 
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for 0.94 < 77 < 1 when kpd = 10. For larger kpd, the 
width of this window scales as l/{kpd)'^. 



IV. TRANSITION - tt IN SMALL SFS 
JUNCTIONS 

In this section, we study the effect of exchange induced 
ordinary reflection on the — tt transition in the case of 
short junctions. In order to compare the stability of the 
zero-phase and of the 7r-phase states, we compute the 
energy 
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In the perturbative regime rj < 0.2, the effective phase 
approach applies and one obtains 
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tt) as a function of a = Afce=o,?) = + rj — y/l — r])kFd 
leads to the same conclusion. The transition in a SFS 
junction at large exchange field is robust to ordinary 
reflection induced by the exchange field. This is con- 
trary to what happens in the SFIS caseiii The energy 
E{0, a) — — 2A I cos a | of a SFIS junction is independent 
of the transparency D, whereas E{Tr, a) evolves gradu- 
ally as the transparency D is varied. As a result, the 
transition points strongly depend on D: the domain of 
stability for the 7r-phase shrinks around the value a — tt 
and even disappears aX D = 1. In a clean SFS junction, 
the stability domain of the 7r-phase remains unchanged 
because of the interplay between the two gaps at x = 
and X — ^- It is reminiscent of the Josephson current 
robustness obtained in the previous section. 



V. CONCLUSION 

We have obtained the phase dependent excitation spec- 
trum of a clean one-channel SFS junction for arbitrary 
spin polarizations. The present treatment takes into ac- 
count the ordinary refiection of electrons caused by the 
ferromagnet/superconductor interface. We have shown 
that gaps open for phase differences X = and x = ^t- 
These gaps depend both on the spin polarization 77 = 
Eex/Ep and on the length of the ferromagnet via the 
product kpd. In spite of these strong modifications of 
the spectrum, the Josephson current and the stability of 
the TT-state are robust against the ordinary refiection due 
to the exchange field up to very large spin polarizations 
77*. We obtain a sharp crossover between (i) a regime 
where the current is given by the quasiclassical theory 
(ii) the fully spin polarized regime with zero current. 
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FIG. 7: Zero-state energy E{x = 0, a) and n-state energy 
E{x = 7r,a) for r) = 0.1,0.3,0.5. Tlie intersections of ttie 
different curves remain in the vicinity of a = n/2 and a = 
37r/2. 

The energies E{0, a) and E{tt, a) are represented in 
Fig. [3 When E(x = ^r, a) > E{x = 0, a), the zero-phase 
state is stable and the 7r-phase state is instable. The 
curves corresponding to different values of r] are close to 
each other and differ slightly only in the vicinity of o = 
and a = TT. All these curves intersect at the same O-tt 
transition points a = tt/2 et a — 3tt/2. Therefore the 
— TT transition is not modified by the ordinary refiection 
induced by the ferromagnet. 

In the moderate and strong polarization regimes, nu- 
merical calculation of the energies E{x = 0) and E{x = 



VII. APPENDIX 

In a first approximation, the spectrum of the clean SFS 
junction is obtained by a shift a = 2Eexd/hvF of the 
phase and it is the solution of the eigenvalue equation 



2(pe 



cos X 



(27) 



The exact position of an Andreev level may be written 
as e'^(x) = ^oix) + £i(x)j where ei(x) is small. Inserting 
this expression in Eqs. II8I9II and using Eq. (l27ll . we 
obtain for small 77 



8 



with 



cos era — 2(^e<T + 1] 



cosx 



(28) 



^2 2 / \ 2 2 

— — cosyH — - -2- cos2fc_Fd —COS a 

8 4 V A / 8 



where we have introduced the notation 

1 



(29) 



Expanding Eq. Ij28|l and using Eq. Ij27|l . one obtains a 
second order equation for the deviation ei(x) 



cos X 



smx 



16 



cos X — 2 ( ) cos 2kFd + cos a 



For X = and x = the deviation is of order rj, 
whereas for x = 7''/2 it is proportional to ry^. The gaps 
occur at the level crossings of the unperturbated spec- 
trum eo(x)) at X = and x = i"- They are defined by 

-^o - |e?(x = 0)-er"(x = 0)|, 
= |e?(x = 7r)-er"(x = ^)|. 



e?(x = 0) ^ V 
Eo 2 

e?(x = tt) ^ 

i?7r 2 

Using 



1 — 2 ( I cos 2kFd + cos a 



1 + 2 ( ) cos 2kFd — cos a 



1/2 



1/2 



Eo ^ A 
E^ ^ A 



. a 
sm — 
2 

a 



we obtain the size of the gaps at x = and x = 



77A 



5o — I sin fci^c? sin a| , 
77A 

= I cosfci^d sina| . 



(30) 
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